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Summary

- In this paper explicit necessary and sufficient conditions are estab-

lished for the ordinary and strong ellipticity of the three-dimensional

field equations in the nonlinear equilibrium theory of incompressible,
homogeneous and isotropic, hyperelastic solids. The resulting system of
inequalities involves the local principal stretches directly and in addition
restricts the first and second partial derivatives of the strain-energy
density with respect to the deformation invariants or the principal stretches.
The conditions of ordinary and strong ellipticity are found to coalesce for
materials that obey the Baker-Ericksen inequalities and possess a positive
shear modulus at infinitesimal deformations. Various implications of these
ellipticity conditions for special classes of materials and deformations are

explored. -

»*

The results communicated in this paper were obtained in the course of an
investigation supported in part by Contract N00014-75-C-0196 with the Office
of Naval Research in Washington, D.C.
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Introduction

Issues related to the ellipticity of the equations governing the fi-
nite equilibrium theory of perfectly elastic solids and to the possible
breakdown of ellipticity in nonlinear elastostatics, have attracted in-

creasing attention during recent years. Moreover, this interest has

sprung from diverse and — to some extent — conflicting motivations.

Thus, some of the work to which we are alluding seeks to extend the
scope of the theory to equilibrium solutions of reduced regularity that
encompass discontinuous deformation gradients of the kind associated with
so-called localized shear failures. The emergence of such singular equi-
Tibrium fields in homogeneous hyperelastic solids is accompanied .
by a failure of ordinary ellipticity. Closely allied in purpose are
investigations concerned with bifurcations of equilibrium solutions that
are contingent upon a loss of strong ellipticity. In contrast, other
related work has a different incentive: it aims chiefly at restrictions
of the strain-energy density arising from the postulate of "material sta-
bility" in the sense of Hadamard, which precludes a loss of strong ellip-
ticity in the elastostatic field equations.

Although the present paper bears on both of these objectives, it
derives its impetus from the first of the foregoing two motivations and
continues a sequence of studies initiated in [1]. The latter was prompted
by the surmise that a certain crack problem in finite elastostatics of 3
compressible hyperelastic solids fails to admit a solution of unilimited
smoothness for a particular hypothetical isotropic material. This con-

Jjecture, in turn, suggested that the corresponding displacement equations i
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of equilibrium suffer a loss of ordinary ellipticity in the presence of

1 severe enough deformations. That such is indeed the case is borne out
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by the analysis in [1], which supplies an appropriate necessary and suf-

ficient criterion of ellipticity.

Explicit conditions necessary and sufficient for ordinary and strong
ellipticity of the two-dimensional field equations in the theory of finite fé

plane strain for compressible isotropic hyperelastic bodies are deduced

in [2]. The results of [2] are applied in [3] to a local study of plane
deformation fields that possess continuous displacements, but exhibit
finite jump discontinuities in the deformation gradient. The energetics
of such "elastostatic shocks" are further explored by Knowles [4]. A
A necessary and sufficient ellipticity criterion confined to anti-

plane shear deformations of a class of incompressible isotropic, perfectly §

elastic materials is included in [4] and applied in [5]. Further, results
essentially analogous to those contained in [2], [3], [4], but pertaining

to plane deformations of incompressible hyperelastic solids, are derived

by Abeyaratne [6], who 1imits his attention to ordinary ellipticity.
Specific boundary-value problems involving a loss of ellipticity and

the concomitant appearance of elastostatic shocks are treated in a number

of publications, all but one of which deal asymptotically with the equi-

1ibrium field near the tip of a crack in an incompressible body subjected

to anti-plane shear. References to these papers can he found in a recent {5
survey [7].] ;
The present investigation furnishes explicit necessary and sufficient

1To these we append an asymptotic study by Abeyaratne [8], which has ap-
peared since. }
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ellipticity conditions appropriate to the general three-dimensional field

equations for incompressible isotropic hyperelastic bodies. Further, both

ordinary and strong ellipticity are considered, and it is shown that the

corresponding ellipticity criteria merge for a material obeying the
Baker-Ericksen inequalities, provided its shear modulus is positive at
infinitesimal deformations. Thus, in these circumstances, ordinary implies
strong ellipticity.

As far as additional related literature is concerned, we cite first
an analysis of localized shear failures due to Rudnicki and Rice [9], as
well as a bifurcation analysis by Hill and Hutchinson [10]. Both of these
papers oresuppose a potential loss of ellipticity in equilibrium continuum
mechanics; their constitutive settings, however, go beyond purely elastic
behavior. Finally, it should be emphasized that the work reported here
is rather closely connected with, and complementary to, a series of in-
vestigations due to Sawyers and Rivlin, starting with [(11]. These papers
are cited in a survey article by Sawyers [12], which summarizes the results
obtained. The latter include various necessarx'conditions for strong
ellipticity within the context of the equilibrium theory of incompressibie,
homogeneous and isotropic, hyperelastic solids. These conditions, which
are sufficient merely for certain restricted classes of such materials or
when the deformation exhibits a particular degeneracy, are included among
the complete ellipticity criteria established in the present paper.

In Section 1, which is partly expository, we assemble some essential
ingredients of the nonlinear equilibrium theory for homogeneous incompres-
sible hyperelastic-bodies. Here we also define the appropriate concepts
of ordinary and strong ellipticity. Proceeding from these two definitions,

we establish corresponding necessary and sufficient ellipticity conditions




-4-

that encompass — but are not confined to — the special case of material
isotropy treated in the remainder of the paper.

Section 2 is devoted to the derivation of explicit necessary condi-

tions for ordinary ellipticity pertaining to the subclass of isotropic
materials. The ensuing inequalities involve the principal stretches di-
rectly, as well as through the first and second partial derivatives of
the strain-energy density with respect to the deformation invariants.
Further, at the end of Section 2, we deduce an equivalent system of in-
equalities necessary for ordinary ellipticity that depends upon the
elastic potential exclusively through its first and second gradients with
respect to the principal stretches and is fully symmetric in the latter.
In Section 3 we first establish the sufficiency of the necessary
conditions for ordinary ellipticity arrived at in Section 2. We then de-

rive explicit necessary and ‘sufficient conditions for the strong ellip-

ticity of the elastostatic field equations on the assumption of material
isotropy. Finally, we show that the cond*tions of ordinary and strong
ellipticity coalesce in this instance under certain mild and physically
plausibie additional restrictions of the material response.

The concluding Section 4 deals with applications of the ellipticity
conditions established earlier to particular classes of deformations and
to special types of elastic materials within the category under consider-
ation. Here we examine the degenerate instances of a locally axisymmetric
and a locally plane deformation, as well as the case in which the elastic
potential depends merely on a single deformation invariant. Next, we
jnfer the eiiipticity, at all deformations, of the equilibrium field
equations appropriate to a Mooney-Riviin material. Finally, as an illus-

trative example, we discuss in detail the domain of ellipticity in the

. .
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space of the principal stretches for a specific material that has an

elastic potential of a form proposed by Ogden [13].




1. Preliminaries from finite elastostatics. Ordinary and strong ellip-

ticity for imcompressible, hyperelastic solids.

In this section we recall certain prereguisites from the finite equi- 3}
1ibrium theory of homogeneous incompressible hyperelastic solids. We then

define the notions of ordinary and strong ellipticity in the present con-

Y

text and deduce necessary and sufficient ellipticity conditions that are
not contingent upon any material symmetry restrictions.

Throughout this paper, uppercase boldface letters denote second-order
tensors as well as three-by-three matrices; lowercase boldface letters
denote vectors and also three-rowed column matrices. Further, the same
boldface letter will be used to designate a tensor or vector and its ma-
trix of scalar components in the underlying rectangular Cartesian coordi-
nate frame.

Let R be the three-dimensional open region occupied by the interior
of a body in an undeformed reference configuration. A deformation of the

body is then described by a transformation
y=y(x)=x+u(x) on & , (1.1)

which maps R onto a domain R,. Here x 1is the position vector of a
generic point in R, A(i) is its deformation image in R,, and u s
the displacement vector field. Thus, xi' and y; are the Cartesian ma-
terial and spatial coordinates, respective1y.] We shall suppose for the

time being that the mapping y 1is twice continuously differentiable and

1Latin subscripts have the range (1,2,3) and summation over repeated sub-
scripts is taken for granted.




one-to-one on R. Next, let

= A= v = - ]
E=vy=Cloys/ax;)=[o;; 4 ous/0x;5], J=detF on @, (1.2)

so that F is the deformation-gradient tensor and J the Jacobian deter-
minant (volume ratio) associated with (1.1). Further, let C and G

stand for the right and left Cauchy-Green deformation tensors, whence

C=F'F, G=FF on ». (1.3)2

r~

Both C and §' are symmetric, positive-definite tensors, which have the
same fundamental scalar invariants Ii and hence possess common positive
principal values A? ; consequently, A >0 are the principal stretches
of the deformation at hand. Thus,

_ _.2,.2,..2 N

1 2 2v\7_.,2.2,.2.2,.2.2
12-2-[(tr£) - tr(C’ )]-x]x2+xzx3+x3x] . f (1.4)

J 3

Since the material is assumed to be incompressible, only locally

volume-preserving deformations are admissible. Therefore,

J=A1A2A3=1, I3=1 on R . (1.5) . 

Let g, defined on R, be the nominal (Piola) stress-tensor field

i
1If M _is a three-by-three matrix with elements M;j, we alternatively &
write [Mij] in place of M; 8ij is the Kronecker-delta.

2A superscript T will always indicate transposition.
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accompanying the deformation. The equilibrium balance of linear and an-

gular momentum, in the absence of body forces, then demands that

- T_ e T - _ 1
div2—2, g_£ £g_ or oij,j‘o’ <J,”(ij-F,“zoj’z on R . (1.6)
Further, suppose 1 is the true (Cauchy) stress-tensor field on R,. Ac-

cordingly,
1(,2(,{))=g(3g)f(5) Y XER . (1.7)

Turning now to the governing constitutive relations, we call W the elas-
tic potential of the hyperelastic material under consideration. The
scalar-valued response function W, which represents the strain-energy
density per unit undeformed volume, is taken to be defined and at least
twice continuously differentiable on the set £ of all nonsingular second-

order tensors. The appropriate constitutive Taw may then be written as

-T _ -1 2

or o35 ° 3w(£)/aF1.j 'iji R (1.8)
in which p, for the present assumed to be continuously differentiable on
R, stands for the arbitrary pressure field needed to accommodate the con-
straint of incompressibility (1.5).3

The elastic potential W is subject to the requirement of material

ISubscripts preceded by a comma indicate partial differentiation with
respect to the corresponding material Cartesian coordinate.

2

Here and in the sequel, EfT denotes the transposed inverse of the ten-

sor £, while Fii=(E7),;.

3He emphasize that although this constraint restricts the argument of
W(F) to unimodular tensors, the particular manner in which the domain of
definition of W 1is extended to the set &£ of all nonsingular tensors
affects merely the pressure p, and is therefore irrelevant.

e L mie il =,

ek ik e
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frame indifference, which demands that
(F) N(Qn)v , EOx£ . (1.9)

where O is the set of all proper orthogonal second-order tensors. More-
over, (1.8) and (1.9) are found to imply the second of (1.6) and hence the
symmetry of the true stress-tensor field r.

Substituting from (1.8) into the first of (1.6), appealing to (1.2),
and recalling that F; -]

Ji,J
one is led to the displacement-equations of equilibrium. Adjoining to the

=0 for a unimodular deformation-gradient field,

latter the incompressibility condition (1.5), one arrives at the system of

partial differential equations

-1 - -
provided Cijkz(ﬁ) are the components of the fourth-order tensor defined

by

’lel('-) Ckl'lJ( )'32W(F)/BF kl . (1.11)

In the case of material isotropy, the strain-energy density W(F)

T

involves F only through the invariants I] and I, of C=FF. Thus,

2

W(E) = W(11(F),Io(F)) - (1.12)

From (1.3) and (1.4) follow

(1.13)

For future convenience we adopt the abridged notation
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R a2 1
wm-aw(l],lz)/al(1 . was-a w(I],IZ)/aImaIB . (1.14)

Equations (1.8), (1.12), (1.13), (1.14) then yield the stress-deformation
relations for isotropic incompressible hyperelastic solids in the form

£

055 2(Wy + 1 W, )F 5 - 2Wo64 F 5 - PF 35

(1.15)
or g=2(W + 1 W,)F - 2W,GF - pE™"

225

On the other hand, on account of (1.3), (1.7), (1.15), the true stress

field 1 obeys the constitutive relation
YT ' o nl
L= 2(N1+I]N2)§_- szg -pl , (1.16)

where 1 stands for the idem tensor with the components 855
According to (1.16), the principal axes of 1 and G coincide;
further, if T designates the principal true stress associated with the

principal stretch Aj» one evidently has

Ti=-p+2A$[ﬁ1+(11-x§)ﬁ2] (no sum) . (1.17)

Later on, we shall need to refer to the Baker-Ericksen inequalities,

which require that
(ri-rj)(,\,,i-lj)>0 if Ai#lj (no sum) , (1.18)

and thus postulate that the greater true principal stress occurs always
in the direction of the larger principal stretch. Because of (1.17) and

(1.5), the inequality (1.18) is equivalent to

?hroughout this paper Greek subscripts have the range (1,2).

Ty




w1+(x1.xj) Wy>0 if Ai;t,\j. (1.19)

With a view toward defining the notion of ordinary ellipticity rele-

vant to the system of partial differential equations (1.13)1 we consider
a surface 1/ lying wholly within R that admits a twice continuously

differentiable and one-to-one parameterization
*
x=x(£,,8,)) ¥ (g),8,) €z, (1.20)

where I 1is a region of the parameter-plane and (51,52) are orthogonal
curvilinear coordinates on -’. Let P be an arbitrarily chosen, fixed
point on ud( Then, within a three-dimensional neighborhood of P, we may

introduce orthogonal curvilinear coordinates (g],sz,c), such that
—_— *
x=X(67,89:8) = X(£7.85) +an(£1,85) (1.21)

in which n is the unit normal vector of o and |z| is the perpendic-
ular distance from ‘j’ of a point with position vector x. The mapping

(1.21) is locally one-to-one; let its inverse be given by
£, 6%, z=c(x) (1.22)

where Ea and ¢ are defined and twice continuously differentiable in
a neighborhood of P,

We now weaken the original smoothness requirements on u and p.
Thus, we assume that (u,p) {is a solution of (1.10) with u continuously

differentiable and merely piecewise twice continuously differentiable and

Tﬁﬁat follows is at once an adaptation to incompressible bodies of the

analysis in Section 1 of [1] and a generalization to three dimensions of é
the development in Section 3.1 of [6].

: il : : _‘J
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p continuous but only piecewise continuously differentiable on R. We

shall call such a (u,p) a "relaxed solution”" of (1.10). On setting

U(E)28,,2) = u(x(£)48552)) , P(E)5E,,2) = p(x(E)48502)) »  (1.23)

one confirms with the aid of (1.22) that

aUk . a’Jk . azﬁk . azik L A
uk£.=—'5 =7 b —F . —F T -
s4) aga a,l) 14 A 35835a a,f B8,] 3C35a asyl ]

azh_k . aZUkA )
MEGRTANANS R SLIPAR B > (1.28)

On account of the assumed smoothness of u,p and of the mapping
(1.21), the first and second-order partial derivatives of Uk and the

2 and

first-order partial derivatives of p, except possibly azﬁk/ac
ap/az, are continuous in the neighborhood of P under consideration;

further, the latter two derivatives may at most have finite jump discon-
tinuities across ¢f. Moreover, (1.24) and the smoothness of the inverse

mapping (1.22) give
[[uk,zj]l=[[azﬁk/ac2]li,1&,j » Ip ;0= [ap/ac]2 5 on gL, (1.25) ‘

where [[h] denotes the jump of a function h across J

The second of (1.10) implies J j==0, which — because of (1.2), (1.5), r

and the last of (1.13)} — is equivalent to F
F-lu =0 on R (1.26) )

2k k4] : : '
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Consequently, in view of (1.25), (1.26) and the continuity of F and of

Cijke’ equations (1.10) yield

=, 2¢s s o= mols
¢;ike (DI /225 De oz ;- Lap/acDFyse =0,
(1.27)

P28, /3t208 8 ;=0 on .

Also, noting that vZz/|vZ| on «f coincides with the unit normal vector

n of o and defining

Qik(i;ﬂ,) = cijkl(E)njnﬁ ¥ (E;!l) €E&xU ,

(1.28)"
v= [2%W2c%T, a= 9] '[ap/2c] on o,
where % 1is the set of all unit vectors, we infer that
. -T__ -T J
UEY-9E 'n=0, (£ 'n)=0 on . (1.29)

Clearly, (1.29) constitute four linear homogeneous algebraic equations
in the jumps (Vi ,q), which admit only the trivial solution v;=0,q=0
if and only if the determinant of their coefficient matrix fails to vanish.

The system (1.10) is said to be elliptic at a relaxed solution (u,p)

and at a point x€R if and only if u 1is twice continuously differentiable

and p is continuously differentiable at X. Accordingly, when (1.10) is

elliptic at (u,p) and X, there does not exist any surface (of the req-
uisite smoothness) through the point x across which the "second normal
derivative” azgjacz or the "normal derivative" 3p/az 1is discontinuous.

It is evident from (1.29) that (1.10) is elliptic at a relaxed solution

1Her'e Qi are the components of the acoustic tensor Q, which is symmetric
because of (1.11).

- ISP T~ >N =+ -5+ N S SIS S S S
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(u,p) and at a point x if and only if

\
- - ]
01 Q2 Q3 -m
Q Q Q -f
A(Fsn) sdet] &1 722 "2 2140y pen, L (1.30)
Q31 Q3 Q33 -3
L_n] n2 n3 0 i
Q=QFn), a=F T, E=Lévu(n) , J
or equivalently
R -~
AEsn) '?eijkezmn"inzojmokn #O ¥ nek,
(1.31)

Q=Q(Fsn), A=FTn, F=1+vu(x) ,

where €5k stands for the components of the three-dimensional alternator.

If (1.31) is violated for some unit vector n,then n is normal to a ma-
terial characteristic surface in R through x. These characteristic
surfaces are the only possible carriers of discontinuities in azgyacz

or 3p/az, and ordinary ellipticity precludes the existence of real char-
acteristic surfaces.

1

We turn next to the definition of strong ellipticity appropriate to

the system of partial differential equations (1.10). For this purpose we
consider an infinitesimal plane displacement-pressure wave superposed upon
a finite homogeneous deformation of an incompressible “yperelastic body

occupying the entire three-dimensional space &. Thus, if t denotes

T:rhfs concept is essentially identical with the notion of Hadamard sta-
bility. What follows is parallel to the analysis in Section 3 of [12],
which is however confined to isotropic materials.

. A i L. 258 i as

-
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o
the time, while F and B designate the constant deformation-gradient

N N
Lo N e e e .

and pressure fields associated with the homogeneous pre-deformation, we

set

. o
Y, t) = Ex+w(x,t), plx,t) =p+r(x,t) ¥ (x,t) €ex(-w,) , (1.32)

—— -

regard |vw|, as well as |r|, small compared to unity, and take !

wix,t) =ap(g - Fx-ct), r(gg.t)w(;z,-igg-ct) . (1.33)

~ et

Here a and 3 are constant unit vectors, determining the direction of

motion and the direction of propagation of the plane wave at hand, whereas

c#0 1is its speed of propagation. Further, ¢ and y are scalar-valued
functions, the first of which is fwice — the second once — continuously

differentiable on (-m, ). Finally, we take for granted that the deriv-
atives ¢” and ¢’ fail to vanish identically. From (1.32) and the in-

compressibility requirement, one has
Favg=F+mm, J=detf=1 on €x(-w,0), detf=1. (1.34)

The time-dependent nominal stresses induced by the motion (1.32),
(1.33) follow from the constitutive relation (1.8) and are now subject

to the stress equations of motion

- .2 2

provided p>0 {s the constant mass density and u is the displacement

field. In view of the first of (1.32), we see that

U (68) = 93 () = xg = (Fyy = 6450%, 4wy () (1.36)

i3

Recalling the identities

4
|
;
|
|
i
|
4 - - | S <M J
. PSR RO T T PP P




e e SRS o

-16-

1
detf=ze F. F. , (detJF

ijk®par ip iq kr F

Ji ZE’Ikz iprq kp ¥Fes (1.37)

2q
we substitute from (1.34) into (1.37) and, upon a linearization with re-

spect to ™, arrive at

1 ° -1
J= detF~detF+2 5k pquwFJq Kox 1+F2kwk L
-1 °41 ° (1-38)
Fi1~F 31 * Sikecipatkpe.q

Further, expanding NF(E) in (1.8) as a Taylor series in F around E,
appealing to (1.11), (1.34), as well as (1.32), (1.38), and linearizing
with respect to vw and r, we obtain

3N(£) 02-1 o o ° °_1

157 o PFyi tCiike (Mg~ PeikeSipafkpYe,q - i -

(1.39)

Now, (1.35) and the second of (1.34), together with (1.39), (1.36), and
the first of (1.38), lead to the linearized version of the displacement-

equations of motion and the linearized incompressibility condition

o -] '| '|

For the plane wave characterized by (1.33), equations (1.40) give

o o

-4
[Rik(‘E';&‘)ak - DCzai]qJ” (&'0 E"XV- Ct) = liq)’ (‘!“- E“x~- Ct) .

. (1.41)
akzkcp’(&'-f_i-ctho ,
in which
Ry (F30) =R (Fsg) = .o (E)(ETL) (FTz) (1.42)
ik B8 = R (Esg) = oy 5 (RIE')5(E 2 :
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From (1.41) follows
= / ¢° - - ~ o° - = o'
a2, =0, v (g Fx-ct)=b¢“ (g -Fx-ct), b via R, (Fie) » (1.43)
and hence,
(R(Es0) - oc®Ja-be=0, £-270 . (1.44)

The system (1.44) constitutes four linear homogeneous algebraic equations
in (ai,b) and has a nontrivial solution if and only if the determinant
of its coefficient matrix equals zero. It is easily confirmed that this

determinant may be written as

2
Ryy-ec R2 Ris 4
2
det| 21 Rezee Rez oyl
2

R3; R3p  Rg3-ec™ =13

2 ) ) OJ.
] 2.8 (Re - 0c26. )(Ry. - pc2s, ) (1.45)
Z&4jkEpqrritp'tia T PC Cjq/ \ ke T PC Oy - .

On expanding the right-hand side of (1.45), one sees that equations (1.44)

2

have a nontrivial solution (ai,b) if and only if pc” and the unit vec-

tor 2 satisfy the secular equation

Lyt R Ry =0, R=R(Eig) . (1.46)]

24 2.1
p7c” = (Ryy = Ryj2425)0¢” + 7 ey 500 ri2R5q R

which is a quadratic equation in pCZ.

1Upon specialization to an isotropic material and to a pure homogeneous
pre-deformation, (1.46) reduces to equation (3.12) of Sawyers [12], who
sets o= (pcc)-l.

Y oo o
U URE VNI W VU VUG SR
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We show next that the discriminant of (1.46),

o. _ 2 _ 0.

o
is non-negative for every nonsingular F and every unit vector L. To

this end let

a1 = Ro5 = Rygs @y = R33 = Ryps a3=Ryy =R

11 722’

Y1 = 2Ro3, = 2R3y, v3= 2Ry,

and note first that if 2 = z3=0, one has A(E;&) =a§+y§20. On the

cther hand, if 2$+ 2§> 0, one verifies after a straightforward computation

making use of 2525 =1, that
8(Es2) = [y 27 + apty - 0315 - w3ty 2 - vy ety * ptay
+ 2(2% + 1§)'] (7223 - apty )2]15]2
#lry2y = Yobp - vat3 + 2005 +15)7 gty - apty V1210 20

-]
Consequently, for every F €L and every 2 €U there exist two — possibly

coalescent — real values of oc2 satisfying the secular equation (1.46).

We proceed now to the relevant definition of strong ellipticity.

f? The system (1.10) is said to be strongly elliptic at a solution (u,p)
‘ and at a point x€R i

and only if a body of the same material occupying .

€, having been subjected to a homogeneous deformation with the jeformation-

o
gradient F=1+vu(x) andtoaconstant pressure §=p(g£), admits only in-

finitesimal plane displacement-pressure waves of the form (1.33) with real

non-zero propagation speeds. Unless (1.10) is strongly elliptic at (u,r’




P——-—————————-——-——-———-—-————1

-19- B

and x, there is an g such that (1.46) is satisfied for two conjugate
imaginary values of ¢ or for ¢=0. In the first instance, there exist

superposed infinitesimal motions of the form (1.33) with f
. Q2 2
w(x,t)=aexpli(g-Ex-ct)], i®=-1,

which grow unbounded in time. When c¢=0, in turn, one can satisfy the '

Tinearized equations of motion with ]
wix,t)=atexp(iz-Fx)

so that in either event the body is dynamically unstable.
Evidently, necessary and sufficient in order that (1.10) be strongly

elliptic at a solution (g,p) and at a point x 1is that both real roots i

pCZ of the secular equation (1.46) be positive for E‘_=l+ vu(x) and for

every unit vector ¢. According to (1.46), this is the case if and only if

€5 5kEpqr lszJqupo Rkk R i“ >0 ¥ g€,

(1.47)
R=R(F;2), F=1+vu(x)
But, from (1.28) and (1.42),
T..2 T T
R(F;) = |E'2]°Q(Fsn) ¥ (F.) €&x %, n=Fg/[F'gl ,  (1.48)

so that the strong-ellipticity conditions (1.47) may be expressed in terms

of the acoustic tensor Q as

>0 VL\_G'A.

€ijkSp qr i pQJqri >0, Qkk 013 ij
(1.49)
9 = &(Esn)

1=
"
n
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Finally, by comparing (1.31) with the first of (1.49), we confirm that

strong ellipticity implies ordinary ellipticity.

It is essential to remark that conditions (1.31), as well as (1.49), n
are inadequate as a means for testing the local ellipticity of a par-
ticular equilibrium solution appropriate to a specific material within
the class under consideration. For the important subclass of isotropic |
materials, however, one may deduce from (1.31) and (1.49), corresponding :?
intrinsic ellipticity criteria in a form suitable for this purpose. It
is this task that constitutes our main goal and to which we presently

turn our attention.
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2. Explicit necessary conditions for ordinary ellipticity in the case

of isotropy.

Our current objective is to deduce from (1.31), which is necessary

and sufficient for ordinary ellipticity, a set of explicit necessary

ellipticity conditions for the special case of an isotropic material.
This set of conditions involves exclusively the local principal
stretches, which enter directly, as well as through the first and second
partial derivatives of the strain-energy density with respect to the
deformation invariants or the principal stretches.

As a first step, we derive an ellipticity condition equivalent to

(1.31), but analytically more amenable.] Since [Cij]=£T£ is a sym-

metric matrix with the principal values xf s there is an orthogonal

matrix M= ‘N.I’(f') » such that

Tm = = 12

S~

FNPBpE—e

Next, for every nonsingular f_' and every unit vector m , let

§_= !.(f.) and H= H(E.;".l) be the auxiliary matrices defined by |
_ ule-l oy . T
!,(E_) =ME ", H(E;m)=NQ(F:Mm)N (2.2)

tn which Q_ is the component matrix of the acoustic tensor introduced

in (1.28). Evidently H is symmetric. On setting !

m=Np, i=E"

~ 0, n=

=
ED
A

» H=H(Fsm), Q=Q(F:n) ¥ (F.n)esxa,
(2.3) ¢

1Nhat follows is suggested by the development in Section 3 of [1].




-22-

one readily confirms the block-matrix equation

A R
Ao ng1 At o 0711

provided 0 stands for the null three-rowed column matrix. It follows

at once that

¥ (F,n) €& xu . (2.4)

Appealing to (1.30) and (2.1) through (2.4), one sees after elementary

manipulations that for every unimodular F and every unit vector m,

[ N

Hip Hig Bz -m

H H H -m .
A(FMm) = det | 2 22 23 2| aoply,

H3p Hyp Hyg -mg

_m] m, My 0 ]

where M is the orthogonal and 2' the diagonal matrix appearing in
(2.1). Consequently, a necessary and sufficient condition for ordinary
ellipticity, equivalent to (1.31), is given by

A(F;Mn) = 1

(2.5)

Next, from (1.3) and (1.11) through (1.14), one finds that for an

isotropic material
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CiyglF) = 2Ry + TqH )6 65, + a(Wy + Wy, + 21y, + 15 gy) Fisf kz}
B ZWZ(Fiszj+'Gik5jz ik Jz) 4(N * I W 2)(F1J km mi $(2'6)
* GinFniFie) ¥ M28infmi®knfs - )

Further, (2.2), (1.28), (2.6), (1.3), (2.1), and the first of (2.3) even-

tually yield

y 25
Hyj(Fsm) = 200, + (1,- D mm, 0,107 ; L4805 Wy + Wy #2000+ [y Imym,
- 2"‘2‘513'4(“1 +1 “22)( kmk+Dizmzmj)+4w2201kmk032m2 .
(2.7)
Let Bi’wi and B .,B be defined by
Y 27
Bi - ”" + A WZ ’
.2 2 2,2 4 <240 2, 4-
wi-xﬁh-ximi+aiu1-uz-h-zh Hm +ﬂ1%2+Ai%2) (2.8)
(no sum) ,
B =288, . B =3228.8. , B.y=3.28.8,, By,=BW,+A 288
11 17273 2272 "3"1 ¢ 33 37172 12 7273 1 7173
B,y = w+x‘zsa B,, = 8.W +A_ZBB B =sw+A'238
21 B1¥3 T %2 PR3 23 "3 2 "2°1 32 21 3°3"1°?
B, = Biw,+Alo8.8 B..=B.W,+AI28.8 g
31 172 3 "3"2 13 7372 1 °1Fe e

2 2 -2,2 -2,2 4 2_.-42 -472 2

+ fo

2
w2w3+ 212w3w1 . J
(2.9)!

]Note from (2.9), (2.8), (1.14), (1.4) that B and B are solely
functions of the Ak

. il
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Upon a lengthy computation involving (2.5), (2.7) through (2.9), (2.1),
and (1.5), one verifies that for every unimodular F and every unit vec-

tor m,

= 2 1

. = . 2, . =
A(‘E,m) = E(i’i) 4Bijzi 24 Bz 2,25 , z = m . (2.10)

Suppose now that (1.10) is elliptic at (u,p) and x . If
Ay = xi(£)> 0, with A]A2X3= 1, are the corresponding local principal
stretches, one thus has
E(x;z) # 0 ¥ EfEA , (2.11)
where

A= tslzi 20, zy+zy+25 " 1} . (2.12)

Evidently, A is the bounded and closed plane region in z-space whose

boundary is the equilateral triangle (Figure 1) with vertices at
g = (1,0,0) ., g = (0,1,0), %5 = (0,0,1) . (2.13)

In view of (2.11) and the continuity of EQi%E) in z , this function
is of one sign on A , so that in particular,

E(asgy) E(xsz3) > 05 E(r;z)) E(X523) > 0.
Consequently, by virtue of (2.10), (2.9),

>0 , >0 , (2.14)

Bi83 B283

and

1Here and in the sequel, ) and 2z stand for the triplets of real num-

bers (Al,xz,x3) and (z],zz,z3), respectively.
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E(x;2)>0 V¥ zghr . (2.15)

~

In order to deduce additional necessary conditions for ordinary

ellipticity, we require the following

LEMMA. Let a,b,c,d be real constants, with a>0 and d>0.
Then
3 2 2 3 -
as +bs"t+cst"+dt”>0 for all s>0, t>0,s+t=1, (2.16)

if and only if

3 3 .22 2.2 (2.17)

either 4ac™ +4db™-b"c” - 18abcd+27a"d">0 or b>0,c>0.

To prove this lemma, note first that (2.16) implies

e(g)zag3+bgz+cs+d>0 for all £>0

Necessary and sufficient in order that the cubic polynomial 6(g) have

three real zeros js that

dac3+4db3 - b2c? - 18abed + 27a%d% < 0 . (2.18)!

Accordingly, (2.18) together with (2.16) imply the existence of real
numbers £, (i=1,2,3) and E; (2=1,2), such that

9(51’)=09 e'(Ea)ao’ 5]1515-525-525&53<0

Thus
e'(5)=3a£2+2be+c = 3a(s-€,)(a-32) ,

1See, for example, Dickson [14], p. 47. The truth of this assertion

requires merely that a,b,c,d be real with a#0 .
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and therefore (2.16) and the negation of the first inequality in (2.17)

necessitate
b=-§é(3 +%,) >0 c=3a £,£, >0
2 1 72 ? 1>2

Hence (2.16) implies (2.17). Conversely, b>0 and c>0 at once assire
that (2.16) holds. On the other hand, (2.16) also follows from the first
of (2.17). Indeed, the latter mandates the existence of but one real
zero of 6(£); this zero is negative because a>0 and d>0, so that
8(g)>0 for all £20, which is easily seen to give (2.16). This com-

pletes the proof.

The inequality (2.15) in particular regquires E(A;£)>-0 on the

side of the triangular boundary of A with z,= 0, whence from (2.10),

3 2 2 3 i
32222 + 82322 4 + 8322223 + 83323 >0 for all 222_0, 2310, z, + 2,= 1.
(2.19)
The foregoing lemma thus entitles us to conclude that
. 3 3 2 o2 2 2
(2.20)
or 823>0, 832>0.
Bearing in mind (2.14), we now set
oy = Bi/AiB]BZB3 >0 , wy = wi/xisi (no sums) , (2.21)

and, with the aid of (2.9), (2.21), infer the identity

'
. K .
. . . g o e .\
an IR B0 5 1 3% i ars o

— e e -
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3 3 2.2 2 2
48,,837 + 4833853 - By3B3) - 188558,4B3,B55 + 27857835
== 27878585 Lug - (o,03' 05 03) 1 (] -2) . (2.22)

Further, on account of (2.22), (2.9), (2.21), we draw from (2.20) that

either m$<4 or m1+9295]>0 R w]+pélp3>0. (2.23)

Since the second alternative in (2.23) implies
. -1
wy > -min(popq a0y p3) 2 -1,

one has w1+-2> 0. Thus and from parallel arguments applied to the

edges of A 1lying in the planes z,= 0 and 2,= 0, one arrives at
mi+2 >0 , (2.24)

as necessary conditions of ordinary ellipticity.
With a view towards applying (2.15) to certain points in the
interior A of the triangular region A, we now suppose that ;> 0

and define functions v; through

N S U TP I S S U SLPIr ) PES UL PIP oL ISV 1)
17 P19 T A3 Zp23 T AR5 2325 )T 0pA3hy 2923 Teghd 92, s
i A, 1, -1 -] 1, -1 -1 -1 &
Vo = pplwp * \A3iza2y T #AgA 121257 ) H0gddg Zp2y Foqdgd, ZpZy s - (2.25)

1 1 1 1

-1 A1 - 1. -
25217) +010503 2325 +poh A3 242, y

vy = pglug*aonyTzy25 "+,

After some tedious algebra based on (2.10), (2.9) and involving (2.25),

(2.21), one obtains
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vl 2,22 2,.2,.2
E(2s2) = - B] 85 83272525 (v] vy tvg- 2v]v2 - 2vyvg - 2v3v])

for z,>0. (2.26)
Consequently, (2.15) yields

2, .2 o
v$+ v2+ V3- 2v]v2 - 2v2v3- 2v3v] <0 on 1, (2.27)
and thus from (2.25), (2.24), (2.21) one infers that (2.15) necessitates

vy < v]+v2+2|/v]v2 . v1.>0 on A . (2.28)

For our present purpose it is expedient to introduce the transforma-

tion

_ iy -1, .-1
Ny = na(i’i) - A3)‘& 2,23

Yz €A (no sum) , (2.29)

which is a mapping, depending parametrically on ) , of & into the open

first quadrant
H={(n],n2)|n]>0, "\2>0}

of the (n1,n2)-p1ane. Inverting (2.29) — keeping in mind that

[-]
z]+22+z3‘=1 on A -~ one is led to

N
N

= ) = -1
a za(ﬂ] ,ﬂzai) = Xana(k]n] + Aznz + A3) (no sum) ’
(2.30)
= ) = -1
Z3 = 23(1'\]:“292\') = A3(A~|f\~| + Xz"\z*‘ )\3) ) (ﬂ] yﬁz) el .

Thus, (2.29) in fact constitutes a one-to-one mapping of A onto T .

Next, let functions f and g be defined by

A e A a4 a e e Ak

:
|
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. .
f(n].nz;w] .01,02,03)=o](w]+n2+n£])+02n]+o3n]n£] ’
g(n].nz;m],mz.o],oz.o3)'o]w] +02w2+292n] +20]n2 %2'3]) ‘
+2[f(nanp50 ) Fln,yangs )12y 3 .
n], 2° ]sp]a02:03 nz,n].w2.02,01,03 (n],nz) o L
7/

in which w .p; are given by (2.21), (2.8) and ultimately] depend solely
on A . It is clear from (2.31), (2.29), (2.25), and the second of
(2.28) that

f(n](Z;A), ﬂz(i}&);w];p]:pzsp3) = V1 >0 , (2.32)
Flny(2:3) + M (Z30)50p00007005) = v, >0 ¥ 2 K.

Further, as a consequence of (2.25) and (2.30) through (2.32), the first
of (2.28) is equivalent to

p3“’3 < g(n]:nziw] 9“’290]’92’93) Y (n]snz) en . (2.33)

At this stage we derive from (2.33) an additional restriction on

WisPy

§ by choosing ny and n, so as to minimize g(n],nz;w] ,mz,p-l,pz,oB)

on m. Thus, holding w_ ,p; fixed, we take (n1,n2)= (7,7,) » where

ag/anel =0 . (2.34) N

Substituting from (2.31) into (2.34), we are led to the unique solution

1Reca]l from (1.4) that I,, and hence W (I],Iz), I:IQB(I],IZ), are ex- 1

pressible in terms of the principal stret®hes.
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M0, ms (1407 L k= Dogloy +2)e,(0p+ 2012, (2.39)]
and (2.31) now gives

f(ﬁ-] 'Wz;w-l :O] ’02303) = Kzf(-ﬁz H_T'] ;wZ’DZ’p] 503)3

(2.36)
g(TT] 3“-2;0)] awzsﬂ] 9Dz$03) = 203+ [/p](w] + ZT + fpz(wz *7)]2 .
Finally, from (2.33), in view of the second of (2.36), follows
03((03"2) < [V[O]((d]+2_) + /02(w2+2)]2 . (2.37)

Proceeding similarly from the two cyclic permutations of (2.28), one

arrives at

op(uy - 2) < hplay ¥ 27 + oglag# D),
(2.38)

paliy = 2) < [oglug# 2T + /oyl 7212

We now summarize the results established in this section. To begin
with, equations (2.10), (2.15), and the first of (2.3) justify the asser-

tion: for the special case of isotropy, the system of partial differen-

tial equations (1.10) is elliptic in the ordinary sense at a relaxed

solution (u,p) and at a peint x only if

1Equation (2.34) merely characterizes (Wy,Mp) as a stationary point
of g(nysnp;wyswp,p1spp,03); that this choice of (ny,np) actually
minimizes g on n for fixed ) —as is shown in, and essential to, the
analysis in Section 3—is irrelevant at present. Indeed, as far as
our immediate objective is concerned, but for lack of motivation,
(ﬂjzﬂb) )could have been defined directly by (2.35), without reccurse
to (2.34).




A(F’;rl) >0 ¥ n~e'&,' E_'—'

+Vy~(3(~) . (2.39)

where A(E.;.’l.) is the determinant defined by (1.30) and involves the
acoustic tensor introduced in (1.28). Moreover, in view of (2.14),

(2.24), (2.37), (2.38), a set of explicit necessary conditions for

ordinary ellipticity in the circumstances under consideration is supplied

by the inequalities

N
8183 > 0, B,85>0 (a)
wy ¥2>0 , (b)
p1(wy=2) < [Vo,lw, +2] + /03(w3+2)]2 , > (2.40)
pplug=2) < [oglug 7 2T + /oyl 7T, » (c)
p3lug=2) < BT 30 + opluy v 202 )

Here pjaws,By are accounted for in (2.21), (2.8), (i.14) and are given
by

0

;= 81-/%1613283 v owy = Wy/ABy (no sums) , (2.41)

i 2 ;
8, = w1(11,12)+xf WZ(I]’IZ) ’

2 2 2.2 4 =2\ri

Wi
#2228 W (1,,0,) #3234, (15,1.)]  (no sum)
i WyalIyala) + 2y Woo(lyud, ,

where Ay = Ai():_) are the local principal stretches associated with the

displacement field u, while wa(II’IZ) and wae(IPIZ) are the
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corresponding local values at R1= Ia(z) of the first and second partial
derivatives of the strain-energy density with respect to the deformation
invariants.

With a view towards expressing Bi’wi in terms of the partial deri-
vatives of the strain-energy density with respect to the principal

stretches, we note from (1.4),(1.5) that

< ¥ _.2,.2,.-2.-2
I, = I](x],xz) =ATHA RN TN,
) ) (2.43)
2, .-2 -
12 12(A1,k2) AP AT+,
We now define
* _ - * *
Wixpsrs) = WOL (x25)0T5(0005)) (2.44)
and adopt the notation
* *
* _ 3N(A"332) * BZN()\],)\Z)
wa()‘-,,kz) = "'*'T):;—'—' N wae()\],)‘z) = W— . (2.45)

From (1.5),(1.14) and the chain-rule then follow

* I T S 1 N
Na(x1,xz) = Z(Aa- Agk J) (N]4-A32Au2w2) (no sum) ,

=2.-25 y
3 xa w2)

* 2.=2v /i
“;a(xl’kz) 2(1+ 3x3>“x )(w]+ A

2.-142 ¢ -2 =27 -4 -4>
+ 4(xa-x3 A ) (w”+2x3 A w12+x3 A w22)(no sum),>

» 3 g 2 2,2 2un L2, 2.n
Wip(hpsag) = B3N +2370,) + a3 (07 - A3) (35 = 13) LWy + (A7 +235)Wy 5

-2~
W ,
" 23] /(2.46)

in which

'
- .
. ‘ o AR At~
v A e ST el i s
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_ )_] ~ _ - * *
As - (x‘lz » wa'wa(ll()\]’xz)’ Iz(klakz)) ’

(2.47)
~ _ a * »*
wae-waB(I](x,.xz).Iz(A],xz)) .

By means of (2.42), (2.43), (2.46), and (2.47), we can verify that
2 N

_* 1.2 1
By = 31(*1’*2) =5 (xz A3) xzwz(x].xz) R
_x L2 211 % 1 -2% i 1
Wy =Wy (0g025) = =005 =237 05" Hy(Asx5) + 3 23 W05 (A1535) 4 5= (325)

U 12 21
82 - 82()\]’)\2) = 2 (A] = )\3) X-|w~|()\'|sA2) ’

_* 2 211k 1 -2k _ -1>
Wy =Wy (Aya35) = = (0= 23) AT Wy (300) + 7 250 (0005) 5 232 (agny)

(g #3)
_* 21 2 02y-1p * o
83 = 83000025) =3 (7= 2) 7 DMy (3y525) = Ky (0g505)]
* - -1 * -1
w3=w3(x],A2)= (x%-xg) ][A21 wz(A],AZ)-x1]w](A].x2)]

1

1,.-2 * 2 * -1 %
*a00pT Wy (Aaa) +007 Wyp (045250 = 2507357 Wy (05200 (g # 3y). J

(2.48)
Equations (2.48) exclude the case of coalescent principal stretches.

In order to derive representations for BioW; applicable when two of

the A are equal, one makes use of (2.44),(2.43) to infer
* %* o o . -1
W(ps2y) = WXy ) = Wpedg) = Wagady) s Ag= (M42)70

whence
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w ()‘]’Az) NZ(AZ’A ), ]](A]’A )' 22(>\2;)\ )s Z(A]')\Z) w z(Ang]) (a)

* - * %*

x +* A A - * *
W 0020 = A (a2 ) +3,8,(0300)

2% i
A Wpa(2y525) =

) (b)

-]*
2y (hgarg) + A5 Mg (gang) #133 Hyy Opurg) = 2471y, 000003)
2* _
A Wy (apaag) =
2A3N1(A3,A )+-A ]](A3, ) +x 22(A3,A ) - 2A 12(x3,x1),
Ay= (A2 )']
3- "M% . J
Substitution from (b) of (2.49) into (2.48) gives
* * * *

* -* * -* _ _]
By(01s25) =83(03500) 5 wo(hg50,) =wa(dgudy) s Ag=(33,)
Further, on account of the first two of (a) in (2.49), an obvious 1

process applied to 33.;3 in (2.48) yields
* -'l_ 2* _'l_ _]* x* -*
B3(2s4) =5 2wz (X,2) = 7 DA W (,0) + Wy (0,0) - Win (2,01 (1> 0).

Consequently, if one sets

[x w(xx)+wn(xx) 120 2)] -mrx]=xz=x,
B(A] 9X2)=<

1 2 .2,-1 * *
3 (A]- xz) [x]w](x],xz)- AZNZ(A],AZ)] for x]# A s

(2.49)

(2.50)

imit

(2.51)

e, e ™
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1,-2; -1* * * .
7 A [x w](x,x)+w”(x,x)-wlz(x,x)] for SREVERY
w(A],A2)= >>
2 2\-1p.-1%* -1*
(A3 =23) "D Wp(aya25) - AWy (3g53,)]
1p,-2% -2x -1, -1*
D W () # A (3g035) = 201735 U5 (3g525)]
for A]#Az, J
(2.52)
then (2.48), (2.50), (2.51) justify
B~|=B()\29k3) s 52=B(A3s)\~|) ’ 83=8(A]9A2) ’
(2.53)

Wy=wlinsng) 5 wy=wligang) 5 wa=w(ngsi,) ,

which accommodate all i;>0. Finally, from the second and fourth func-
tional relations in (b) of (2.49) and the second in (a), one finds that

g8,w may more conveniently be written as

1 * -2 L N\
g W (0a7%) for A =2,=1,
B(A],A2)= ] )
\-f AZ(Af - Ag)-] w](A29A3) for A] # )\2, X3= (A]AZ)‘]'
1 ;\‘ZD*I]]()\,A—Z) for )\]=)\2=A . >(2.54)
w(r,,2 )=(
1*72 -1,.2 ,2,-1 * 1 -2x
- -1
for >.1f>\2, x3-(>\]>\2) p

Equations (2.53), (2.54) comprise the desired intrinsic representa-
tions of 8 and w5 in terms of the Ai and the requisite partial

%*
derivatives of W. Moreover, B; and W, now exhibit the cyclic
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symmetry inherent in (2.53). Each of (a), (b), and (c) in the elliptic-
ity conditions (2.40) is carried into itself by a cyclic permutation of
the indices.] For the purpose of writing (2.40) as a set of inequalities
symmetric with respect to (A],AZ,A3) , we define functions TR
through
p(A1a25) = a0,/8(05505) B8(Rg50) s ;
(2.55) :
wlAyan) = aaw(ay535)/8(0505)  , Ag= (A]AZ)'] .

P (Aa00) =8005005) 8OA30) s @ 00,) =iyn,) v 2,

> (2.56)

@3(11'A2) = O(A] ’AZ)[Z = W(X] v)\z)] + ['/D(kzr)\3j‘?2(>\2:>\ 3)

+ /OIA3’)\-|T‘P2(A3sx])]2 » )‘3= ()‘1>‘2)-13J

with g,w given by (2.54). Because of (2.55), (2.53), (2.41), we have
p(x1s25) = o35 p0hpea3) =07 5 0(h3s3) =0,
w(Apadg) = wg s wligarg) = wy s wligedy) = w,
and thus, on appealing to (2.53), (2.56), conclude that
f002) =818 o @ 0pa23) =885 w9 Agahy) = Bg8y s

sz(k]s)\z)=w3+2 s (92(}\29)\3)=w]+2 s ‘92(5\3’}\]):“02"'2 ’
(2.57)

¢3(A]axz)=03(2'w3)+[%]T“ﬁ*'zy + /52(“’2*'2) ]2 )

Tafter one cyclic step, (a) of (2.40) becomes 8,8, > (. 858, >0, which
js equivalent to (a).
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cP:‘;()‘Z’A3)=p1(2'“"]) + [/02(w2+2) + /03((03"’_2_7]2 ’

9303031) = 05(2-0)) + [/o3lws 72T + Voyla; 72 1

Hence, the necessary ellipticity conditions (2.40) are equivalent to the

nine symmetric inequalities

1
¢i(x],xz) >0, ¢1(A2,A3) >0, ¢i(x3,xl) >0, (2.58)

with ¢, supplied by (2.54) through (2.56).

We observe that (2.58) remains invariant under cyclic permutations
of (X],AZ,A3). In addition, we gather from (2.52), (a) of (2.49), and
(2.55) that

Bqahg) = 80ps0)) & WlApsdy) = Wiiger)

(2.59)
D()\]s-)\z) = p()\zs)\]) s N(A]’Az) = U()\Z’}\]) .
Further, (2.56) now gives
(Pi(x1sA2) = (P](A29A]) s (260)

so that the ellipticity conditions (2.58) are in fact invariant under
all permutations of the principal stretches and thus reflect the isotropy

of the material.

TClearly, (a) of (2.40) implies 818, > 0, whence (2.40) is equivalent
to the set of nine conditions consisting of (2.40) augmented by
8.8, > 0.
1°2
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3. Sufficiency of the conditions necessary for ordinary ellipticity.

Explicit necessary and sufficient conditions for strong elliptic-

jty in the case of isotropy.

In this section we show first that the set of necessary ellipticity
conditions (2.40) is also sufficient in order that the system of partial
differential equations (1.10) be elliptic in the ordinary sense, pro-
vided the solid at hand is isotropic. Thereafter, we prove that (2.40)

with (a) replaced by B;>0 are necessary and sufficient conditions for

for the strong ellipticity of (1.10). Finally, at the end of the sec-
tion, we note circumstances in which the conditions of ordinary and
strong ellipticity coalesce.

Aiming at the first of the foregoing three objectives, we now sup-

pose (2.40) holds and demonstrate that then

E(.’:}.{)’ 0 Yzenr , (3.1)

4

where E(ﬁii) and A are given by (2.10), (2.9), (2.8), (2.12). It is
evident from (2.5) and (2.10) that (3.1), in turn, will suffice to
assure the local ord%nary ellipticity of (1.10) at the relaxed solution
under consideration.

From (a) of (2.40), in conjunction with (2.9) and (2.41), directly
follows

Bii >0 (no sum) , 05> 0o . (3.2)

Further, since w]+-2 > 0 according to (b) of (2.40),
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On the other hand, (3.3) and the second of (3.2) permit the inference

. -1, -1 -1 -1
either -2<w]<210293 +05p5  Or w P04 >2,w.|+02 p3>2 .

so that, because of (a) in (2.40),

. 4 4 22 - -1, 92, 2
3.4

or A18183((»1"'929-31)) 0 ’ A]B]BZ(w] +Dé]p3) >0.

Next, recalling (2.22), (2.41), and (2.9), we see that (3.4) is equiva-
lent to (2.20). But (2.20), as a consequence of the first of (3.2) and
the lemma established in Section 2, implies (2.19), which then — by

virtue of (2.10) — gives
E(.l;f.) >0 for every ze€A with z, = 0

Proceeding similarly from the remaining two inequalities in (b) of (2.40),

one thus obtains
E(x;z)> 0 Vz_eaAsA-K . (3.5)

whence (3.1) is true on the edges of A.
[

We have yet to confirm the inequality (3.1) on the interior A . As

a first step in this direction, we show presently that
g(n1.n2;w] ,w2,01392,03)lg(ﬁ~| :ﬁz;w];wan]’C’z:D:;) v (n]’nz) €n, (3-6)

where g is the function introduced in (2.31), while ‘ﬁa is given by
(2.35); as before, NI denotes the open first quadrant of the (“1’“2)°

plane. Accordingly, we are to prove that the choice (”]’”2) = (ﬁ1 ,ﬁz) .

A
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which is already known from (2.34) to render g stationary for fixed X,

in fact minimizes this function on 11 .

In order to verify the above claim, we note that the first of (2.31)

allows us to write

f(n1,n2;w1.o],oz.o3) = W$'*01n51(1‘ nz)z*'ozn]'*o3n1n5]

(3.7)
Flnpany swysppen1s03) = ¥atooni (1-n7)2+0n,*+ 007 n, s
2° T2 2R 103 2 ."2" 1 172 73" 2
provided
vy = Yo, wa+2 (nro sum) . (3.8)
A lengthy, but straightforward, computation then confirms that
flnysngiwgseys0ps03) flnpangsugsngsogses)
= Log+byup+ oq(1-np) + 0,1 - n)) T
+ (o3o]n{]*'pzo3n51'*p]ozn;]né])(n]+'n2- 1)2
+ p3n;1n£](n2w1- n1w2)2*'91n2[w1- nél(l- n2)¢2]2
+ ogmylip -7t (1-n 22 (3.9)

Since o;>0 and v, 0 by (a),(b) of (2.40), all terms in the right-

hand member of (3.9) are non-negative, and ‘
f(n]’nz;U]901392393) f(ﬂzgn1;w2902391’03)
> [p3+w~|w2+o](1-n2)+02(1-n1)]2 ¥ (nyany) €T '

Combining this lower bound with (3.8) and the second of (2.31), we are




led to

g(n],nziw] !“’290] 992903) 2293"' [/D-l(w1 + 27"' ‘/02((»2 + 2)]2
v (n]snz) €n. (3.]0)

Finally, from the second of (2.36), it is evident that (3.10) is equiva-
lent to (3.6).

Next, from (3.10) and the last inequality in (c) of (2.40) at once
follows (2.33). Furthermore, (a) and (b) of (2.40) assure that vi> 0
on X, if the v, are the three functions defined in (2.25). But
(2.33), with the aid of (2.31), (2.29), (2.32), and (2.25), is then
readily found to imply (2.28). Parallel considerations applied to the
first two inequalities in (c) of (2.40) result in

v]<v2+v3+2ﬁavg R

v2<v3+v]+2Jv3v] on A . (3.11)

Therefore, as vj is positive,

AL < A+ A, No <Aoo+ A2 on i,

and thus

(AT - A2 < vy on k. (3.12)

The inequalities (2.28) and (3.12), in turn, enable us to conclude that

o

-ZVV~IVZ < V3"V~I -V2 < 2VV~IVZ on A »

whence we arrive at (2.27). The latter, because of (2.26) and (a) in

(2.40), yields

E(L,i) >0 ¥ iex . (3.13)
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which — together with (3.5) — justifies our original claim (3.1).

We are now in a position to assert that the set of inequalities

(2.40), or alternatively its symmetric equivalent (2.58), are both

necessary and sufficient for the ordinary ellipticity of the system of

partial differential equations (1.10) at a relaxed solution (u,p) and

a point x , provided Ai= Ai(z) are the local principal stretches.
Our next task is to derive from (1.49) an explicit set of condi-

tions necessary and sufficient for the strong ellipticity of (1.10) in

the special case of isotropy. To this end we recall (2.2), (2.3) and

note that

=
I
=

hence

trQ-f0f = (W W (TN - (W (R L (39)

1=

ﬁ.
Further, from (2.2), (2.1), and (1.3) follow

AN =0 e TR = (R

Lad

so that (3.14) gives

1

>
=

AtrQ-A-QA=m- (R ) tr (RH) -m-lim . (3.15)

Let us define a matrix [Lij] in terms of the By oW, in (2.8) by set-

ting :2( 7

TR B]+82+83-B1-) (no sum) ,

—
\

-
\

1,2 -2
12 = Loy = 3 (78 #2578, 4 wg)

122
Lyg = L3z = 7 378423783+ wq)

&(3.16)

I T S
31 = L3 = 7 03783+ 078y +wp) . J
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A considerable amount of algebra, based on (2.7), (2.1), (2.8), and
involving (2.3), (1.5), (3.16), enables us to deduce

m-(07'm) tr(DH) - m-Hm = 2K(Asz) . (3.17)

provided
K(.).‘.;f.) = L..2.2, , 2, = mi . (3.18)] !

Consequently, applying (1.31), (2.10) to the first inequality in (1.49),
and (3.15), (3.17) to the second, we obtain

E(Aﬁﬁ) >0, K(lfi) >0 ¥ zen , (3.19)

as a set of conditions, equivalent to (1.49), that are necessary and
sufficient for strong ellipticity.
We show presently that (2.40) with (a) replaced by Bs > 0 holds :
if and only if (3.19) holds. Indeed, suppose {3.19) is true. The first
of (3.19) coincides with (2.15) and hence, as shown in Section 2, im-

plies (2.40). Moreover, from the second of (3.19) we draw in particular
K(l;i'l) >0 ,

where gy s introduced in (2.13), is the vertex of A on the z]-axis

(see Figure 1). Thus (3.19) necessi‘“ates
Lyq = A72(8,+8,) > O
1R 1 'Y%2 "3 ’

which, together with (a) of (2.40), at once requires

TNote that because of (3.16), (2.8), (1.4), and (1.14), the Ly; are

solely functions of the Xk .

)
|
"
|
f
J




B: > 0 . (3.20)

i
Therefore, (3.19) in fact implies (2.40), (3.20), and hence (2.40) with
(a) replaced by (3.20).

Conversely, suppose (2.40) and (3.20) hold. Earlier in this sec-
tion,1 we have shown that (2.40) implies the first of (3.19). We now
substitute for w. from (2.41) into (3.16) and find - bearing (1.5) in

i
mind — that K(Aii)’ defined in (3.18), admits the representation

) e ] 2 S RT SNPI TS TR
KG52) = 81007125 - 2312308+ 8,031 25 - 12 630712 - 33 '2y)

- '2 AN
+ [A]ZB] + XZ 82 + A3B3(m3+ l.)] Z-IZZ

-2, 4,2
+ 058, #2383+ 0 8y (0 +2)] 2,24

-2 -2
* D378+ %8 + a8, (0, +2)] 22y (3.21)
Finally, on account of (3.20) and (b) of (2.40), the sum of the first
three terms in (3.21) is positive on A except at the interior point

z defined by

°o _ -1
z, = ,\1(A1+A2+A3) ,
whereas the sum of the remaining three terms is positive on A except at
the vertices ¢, . Hence, (3.20) and (b) of (2.40) imply the second of
(3.19). This completes the proof of the claim that (2.40), (3.20) hold

if and only if (3.19) is true.

1See the proof of (3.1).

ik
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The foregoing resuits entitle us to conclude that a set of condi-

tions necessary and sufficient for the strong ellipticity of the system

of partial differential equations (1.10) at a solution (u,p) and a point

X is given by

B; >0 (a)\
04250, (b)
oo = 2) < [olap ¥ 2 + oglay 7 T 1P, A > (3.22)
oplug=2) < [/oglug¥2) + Aylan v 2T 1%, > (c)
p3lug-2) < /oyl ¥ 20 + /aplay v ) 1F )

For convenience, we cite here from (2.41), (2.42) that

Di = Bi/)\1318233 y  We

i = wi/Aiai (no sums) , (3.23)

= U 2
Bi = N'I(I'Ialz) + A'i wz(I]nlz) 1)

Y- 2 2,.2 4 2. n (3.24)
wi = A5 (I = a9)eg + 5070 - 21, - x5 - 227 5) [y (1, 1,)

oy 4. )
: in N]2(11,12)+ A N22(11,12)] (no sum) ,

where ), = Ai(i) are the local principal stretches associated with u
and Ia= Ia(ﬁﬂf)) . With the help of (3.23), the system of inequalities

(3.22) is immediately found to be equivalent to the more tractable set

B.i >0 s (a)

wi+22:8; >0 (no sum) , (b)




lI.|.ll::!-gllll-llllllllll--lll-l'-!llllll"""'lllllllli"“

-46-

-2 =, 2 2
Mwg - 28,) < [j*z (wy +22,8,) + /*3 (wy+23383) 17 g(3.25)

Aéz(wz- 2A232) < [j;;z(w34-2x383) + /A{a(wli-ZAIB])]z , > (c)

-2 = ) 2
32wy - 20g85) < D 0wy +2208y) + a3 (wy+ 22,8) 1P

/

Here g.,w. are defined in terms of the derivatives of W by (3.24)

1

*
or alternatively in terms of the derivatives of W through (2.53),

(2.58).
| In order to bring out the invariance of (3.25) under permutations

i of (A;535,13), we define functions x; by

= - -1,-1 )
L X7 (qs25) = B(Asx,) 5 Xp(A3525) =wlhys,) + 23378, 8(3405),

X3(2y52,) = x§2[2x3e(x,,xz)-w(xl,x?_)] >(3.26)
[ x00019) + 300500 20 ag= ()7

where 8 and w are given by (2.54); thus

-+

w”(x A for A;=1,=1 A
B(X1s)5) = .
Z(A -AZ) [ 109023) for 23 £25, Ag= (442,) i
-2 3.27
/ R 11 (Aex 2y for Ap=2,= >( )
w(x1,xz) ‘

-1 1 ,-2*
A (A - Az) w (A A3)+-7 A w]](xz,x3)

for A]# AZ, A3= (Ay2

-] '
2l ) :

i
In view of (2.53), the set of inequalities (3.25) may now be written as F
1
|
|
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xi(x],xz) >0, xi(xz,x3) >0, xi(x3,xl) >0 . (3.28)
Moreover, from (3.26) and the first two of (2.59), we infer
xi(xl,xz) = Xi(AZ,A1) . (3.29)

By virtue of (3.29), the set of strong ellipticity conditions (3.28) —
like the system of ordinary ellipticity conditions (2.58) — is fully
symmetric with respect to the principal stretches.

We now prove that the conditions for ordinary and strong ellipticity

coalesce for an isotropic material of the type under consideration that

obeys the Baker-Ericksen inequalities (1.19) and, in addition, has a

positive shear modulus at infinitesimal deformations.

Clearly, in the case of distinct Ai’ the inequalities (1.19) —
in view of (3.24), (1.5) — imply (3.20) and hence the equivalence of
(2.40) and (3.22). On the other hand, suppose two of the principal
stretches coincide but are different from the third, say A= AZ# Age
Then (1.19), (3.24), (1.5) give By =8, > 0 , and again (2.40) holds if
and only if (3.22) is true.

Finally, suppose all three A; are equal, so that Ay = 1. In

this degenerate instance, (2.53), (2.54), and (3.23) yield

%

11, w=2. (3.30)

00| =

W =

| —

B'i=

Thus, conditions (2.40) and (3.22) at present respectively reduce to

ﬁn(l,l) 40 and ﬁ”(m) >0 . (3.31)

One easily confirms that if u is the shear modulus of the material at

infinitesimal deformations,
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- z[ﬁ](3,3)+&2(3,3)]=?¢ﬁn(m) . (3.32)

Accordingly, when u>0 , the two conditions in (3.31) are equivalent.
This concludes the proof of the preceding claim concerning the equiva-
lence of ordinary and strong ellipticity.

It is of interest to note upon substitution from (3.24), (1.4),

(1.5) into (a),(b) of (3.25), that these inequalities hold if and only

if
" 2 -~
(3.33)
ﬁ+x2ﬁ + 2(1 -AZ-ZA'])(Q +2>\2\71 +A4§J )> 0 (no sum)
1 i2 1 i i N i "12 %1722 :

and consequently one recovers the necessary conditions for strong ellip-
ticity cited by Sawyers [12].] To see that the additional restrictions

(c) of (3.25) are in general independent of (a) and (b), consider the

elastic potential defined by

- Y 3 .2 597
W(1,1p) = Lty 1 - 35 15 - 3o (3.34)

and a deformation with local principal stretches
-;—,x=2,,\=l. ©(3.35)

In this instance, (a) and (b) of (3.25) are satisfied, while the first

inequality in (c) is violated.

Tg;e inequalities (4.1) of [12].
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4. Ellipticity conditions for special classes of deformations and

‘materials.

In applying the ellipticity conditions established in the preceding
sections to particular classes of deformations and hyperelastic solids,
we shall take for granted that the material obeys the Baker-Ericksen
inequalities (1.19) and has a positive shear modulus at infinitesimal
deformations. Hence, there will be no need to distinguish between the
criteria for ordinary and those for strong ellipticity.

We consider first a deformation with local principal stretches
AMp=roEn A3 =X . (4.1)

If T is the principal true stress corresponding to A , induced by

this deformation, (1.17) gives
T . (4.2)

Conversely, (4.2), (1.17), and (1.4), (1.5) — because of (1.19) — imply
(4.1). Thus, the special deformation at hand is associated with a

locally axisymmetric state of true stress. Further, by virtue of the

hydrostatic pressure field p, this state may in particular be one of

local uniaxial stress, in which case T, 0; alternatively, it may

be a state of local equi-biaxial stress with 3= 0.

From (4.1), (2.53), (2.54), and the first two of (2.59) follow
8, =8 =BU'2A) Wy=W =w0'2A) 2h 840 =Wy =wW(A,1) (4.3)
178278 AL s wld A, Slgig Tyt i Al S

With the aid of (4.3), the ellipticity conditions (3.25) for a
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deformation locally characterized by (4.1) are readily found to reduce
to

1
B]>0 . B3>0 , w]+2AB]>0 . (4.4)

We show now that the first of these inequalities is automatically satis-
fied under our present assumptions. Indeed, if A#1, the Baker-
Ericksen inequalities (1.19) and the first of the relations (3.24) at
once give 81> 0;if A=1,1in turn, then B]> 0 follows from (3.30)
and (3.32) with >0 . Thus, bearing in mind (3.24), (1.4), and (4.1),

one arrives at

;J]+)\-4;J2 >0 »
(4.5)
4. . 2 3_1y2; 20, .4
A (w]n w2)+2(x -1) (Nn+2A w12+x wzz) >0,
with
A s A 2, -4 -2, .4
= ) = = =
W, Na(l1,12, . wGB waB(I],Iz) . I1 225+ 7, 12 2x “+ x(, .
4.

as necessary and sufficient eilipticity conditions in the circumstances
under consideration.

It is also useful to cast (4.5), or alternatively the last two
inequalities in (4.4), in terms of the partial derivatives of ﬁ .
We note from the first relation in (a) of (2.49) and the second in (b)
that
=0 Y >0, (4.7)

TSubstituting from (3.24), (4.1) into (4.4) and invoking (1.4), one

recovers the inequalities (4.8) of Sawyers [12], who observes that the
latter are both necessary and sufficient for strong ellipticity so long
as the deformation locally conforms to (4.1).
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Thus and by (4.3), (4.1), (3.27), the last two of (4.4) are equivalent
to
* _2 3 *
Wyp(3,277) ) W

>0, 2ﬁﬁx¢)+x“+x (x,2) >0, (4.8)

11

so that these two inequalities are also necessary and sufficient ellip-
ticity criteria when the local principal stretches satisfy (4.1).
Consider next a deformation corresponding to a state of local plane

strain with principal stretches

P A U P I B (4.9)

In this instance our assumptions (1.19) and u>0 are easily seen to
imply B; > 0. In fact, if x#1, (1.19) and (3.24) immediately yield
Bi> 0, whereas for A=1 the Bi are positive as a consequence of
(3.30) and (3.32). Thus, for local plane strain, the only ellipticity
conditions to survive are (b) and (c¢) in (3.25).

Abeyaratne [6] deduced necessary and sufficient conditions of or-

dinary ellipticity for a deformation of global plane strain with a

displacement field obeying
=0 . (4.10)

Such a deformation gives rise to (4.9) throughout the body. The condi-

tions of ordinary ellipt.city arrived at in [6] are

W(I)#0, 1+2(1-2) W (1)/w(nl>o, (4.11)

Tsee inequalities (3.21) in [6].
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2 2

I=1,-1=1,-1=2"+2"% , W) =W(I+1,1+1) . (4.12)

We now verify that (4.11) is at present implied by (b) and (c) in (3.25),
as must be the case when the Baker-Ericksen inequalities (1.19) are
assumed to hold and u> Q. Indeed, one gathers from (3.24), (4.12),

and (4.9) that

W) =8y , W(I)+2(I-2) W'(I) = Az(x2+1)'2(w3+ 23,85). (4.13)

But w3+-21383> 0 according to (b) in (3.25), while B3> 0 under the
assumptions just mentioned, whence (4.11) fo]]ows.]
The necessary and sufficient ellipticity conditions appropriate to
a local state of plane strain governed by (4.9) are in general far more
restrictive than (4.11) since the former -involve all three inequalities
in (b) of (3.25), as well as the three inequalities in (c). These addi-
tional restrictions stem from the fact that the local hypothesis (4.9)
admits a larger class of deformations than does the global requirement
(4.10); furthermore, (4.11) — with (1.19) in force — preclude potential
discontinuities in the relevant normal derivatives of the displacements
and pressure merely across cylindrical surfaces with generators parallel
to the principal direction of the deformation tensor ( that is asso-

ciated with A3= 1.

]It should be noted that (4.11), as expected, is also implied by the
conditions of ordinary ellipticity (2.40) even if the Baker-Ericksen
inequalities fail to hold or if uw < Q.

i,
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We proceed now to special classes of materials and in this connec-
tion consider first elastic potentials +at depend on a single deforma-

tion invariant. Suppose
”(11’12) = H(I]) . (4.14)

We show presently that in this event, (a) and (b) imply (c) in the
ellipticity conditions (3.25).] From (4.14) and (1.4), ‘1.5), (3.24)

we draw
B’i = w'(I]) ’
-2 2 '] 1 2- -.' " (4.]5)
(no sum) .
Assume now that (a) and (b) in (3.25) hold true, or equivalently
' ' 2 '] "
W (I]) >0 , W (11)4-2(11- Ai- 2Ai ) W (Il) >0 . (4.16)

With a view towards inferring the first inequality in (c) of (3.25), we

note that the latter can be written as

172

S<T . (4.17)
provided
S = A'z(w - 204By) - x'z(w +2),8,) - A'z(w +2X,B,)
1 1 ™ 2 ‘2 272 373 373’
(4.18)
_ a.2
T = 8](wy+20,8y) (Wy+21585)

Clearly, T > 0 under our current hypotheses.

}One may show similarly that (a) and (b) imply (c) in the ordinary
ellipticity conditions (2.40) whenever (4.14) holds.




-54-

On account of (4.18) and (4.1%), (1.4), (1.5),

S= -2(x1+ xz)(x1+ x3)[w'(11)+-2(x1- xz)(x]- x3)w"(11)],

(4.19)

T=s2+u

where

U=8(ay *+ 2,07 (3 #2507 =22 W(I) W) (4.20)
In order to establish (4.17), it is convenient to observe that
either Ap= Ay O Azf A3 N"(I])S_O or Azf A3,W"(I]) >0. (4.21)
If the first of these three eventualities holds, (4.16), (4.19) imply
S= -Z(A]-+A2)2[W'(I])4-2(A]- Az)z w"(I1)] <0,

and hence (4.17) follows. On the other hand, the second alternative in

(4.21) justifies
200 = 3p) (A = AW (1)) 2 min[2(x = 2,020 (1)), 202, - 2)50(17)],

so that (4.16), (4.19) again yield S<O0 and thus (4.17). Finally,

the last alternative in (4.21), together with (4.20), (4.19), and the
first of (4.16), gives U>0 and T>S2, which confirms (4.17) in
this case also. Strictly parallel arguments enable one to infer the
remaining two inequalities in (¢) of (3.25).

As is now clear, (4.16) constitutes necessary and sufficient ellip-

ticity conditions when the elastic potential obeys (4.14). Moreover,
the Baker-Ericksen inequalities and u>0 imply the first of the two

inequalities (4.16.)
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If, instead of (4.14),
N(II’IZ) = W(Iz) ’ (4.22)

one finds similarly that (a),(b) once again imply (c¢) in (3.25) and is

led to

W(L,)>0, w'(12)+2(12-x;2-zx1.) W'(1,) >0, (4.23)

as necessary and sufficient ellipticity conditions.

It should be mentioned that the ellipticity conditions (4.16) and
(4.23), appropriate to (4.14) and (4.22), respectively, recover earlier
results reported by Sawyers (12].]

Consider now the special case of a Mooney-Rivlin material, for

which
ﬁ(I],Iz) = ¢y (1;-3) + ¢,(1,-3) . (4.24)

The Baker-Ericksen inequalities (1.19) necessitate

T c]'Fcz >0 , (4.25)

N —

c,20,

and with (4.25) in force, the ellipticity conditions (3.25) are found
to be automatically satisfied for all principal stretches. Thus, for a
Mooney-Rivlin material that obeys the Baker-Ericksen inegqualities,
ellipticity obtains at all deformations.

Finally, as an illustrative example, we apply the ellipticity con-

ditions established in this paper to a class of hypothetical materials

Tsee Section 5 of [12].
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introduced by Ogden [13]. The associated mechanical response is gov-

erned by an elastic potential of the form

* _C(a,.a, .0 - -]
N(A],Az)-a(A]+A2+A3-3) , A3-(A]A2) s ¢>0,a>0. (4.26)

According to (3.27) and (4.7) one has at present

ac ,a-2

e for M=A=A N
e(xl,xz)=< )

%(A?-A;)/(Af-xz) for A #x,
()\]Az)z[w(k],kz)+2()\1A2)-]8()\],>\2)]

= $350+6)  [(a- D +6™ )+ (@r1)(s+6%)7 ,
> (4.27)

(4200200 25) = 2012507 (3 53,)]

a, .0 1)(s%-1)
gu]“z)[a-zzj];xm;] for \Fa, .

where = A]/A2 . With the aid of (4.27) and by recourse to (2.53), one

can show that

Bi>o:

A;Z(wi +2).84) > % (A?+A§+Ag- A?) (ea-1) (no sum) , i

(4.28) ‘
A;Z(w1 - 22,8,) g% (A?+A;+ ;\g- A?) max[0, a=1] (no sum) . (
|

The first of (4.28) implies the Baker-Ericksen inequalities (1.19), and
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(4.26) ~ together with (3.32)—gives u=ca/2>0 ; further, (a) in (3.25)
is satisfied for all A; and all o>0 . Moreover, when a>1 , we
easily see that (b) and (c) in (3.25) also hold for all A; « Incen-
trast, as may be shown by means of the second of (4.27) and the last

of (4.28), for O0<a<1, (b) and (c) hold if and only if

€ < xi/xj < 5-1 . (4.29)

provided e=¢e(a) is the unique solution of the equation

a+])

(T+a)(e+e) = (1-a)(1+¢ , O0<e<l . (4.30)

Therefore, for an elastic potential obeying (4.26) with a>1, ellipti-
city prevails at all deformations, whereas if 0O<a<1 , the inequali-
ties (4.29) are necessary and sufficient for el]ipticity.‘
The inequalities (4.29), which are contingent upon O<a<1 ,
describe the interior o of a convex hexagonal pyramid in the space of
the principal stretches,2 the origin of which coincides with the vertex
of this pyramid. The intersection z of Q with the "isochoric surface"
A]A2A3= 1 represents the ellipticity domain in this instance.
Evidently, (4.30) can be solved explicitly if a=-%. In this

special case, the ellipticity conditions (4.29), upon elimination of

13, may be written as

€< A]A£]< el s, ES< A]xg <s-], €< Af 2 , €=7-4/320,0718.

(4.31)

TOgden [13], on the basis of tests performed on vulcanized natural rub-
ber, suggests the choice a=1.2 and c=6.8 kg/cml.

2See the interpretation of inequalities (3.1) of [1].
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Conditions (4.31) define the open region 19 in the (A],AZ)-p1ane
depicted as the shaded area in Figure 2. This region is the projection
onto the (Al,xz)-plane of the ellipticity domain £ ; the projections
)3 and Iy of £ onto the other two principal-stretch planes are once
again represented by the shaded region in Figure 2, provided (x1,x2)
in this diagram is replaced by (Az,x3) or by (A3,A]) .

It is of interest to examine the response, to certain basic
homogeneous deformations, of the material characterized by the elastic

potential (4.26). For a pure homogeneous, volume-preserving deforma-

tion of the form

Yi = A% (no sum) , A Aphq = 1, (4.32)

one gathers from (1.7), (1.16), the first of (2.46), and (4.26) that

T'ij=°'ij=0 (i#3)
while
= - = > - a a N
AO41 = Tqi o Tag~ 33 ABNB(A],AZ) = c(AB -A3) (no sum over i or 8).

(4.33)

In particular, for a pure homogeneous deformation of (i) uniaxial

stress or (ii) equi-biaxial stress or (iii) plane-strain uniaxial

stress ("pure shear"), (4.33) yields respectively:

i = = = = a._ -a/2 = = = -]/2-

"20.) =

= = = a-
(i1) 4320, xozz(x) TZZ(A) c(A%-1a s N

(111} 1,,=0, Aon(x)=rn(A)=c(A°‘-A‘°) » A=

X SRR
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Next, consider a deformation of simple shear given by
,y]=x]<i-kx2 , Yp=Xo s Y35 X3 (4.35)

where k 1is the amount of shear. The corresponding principal stretches

obey

Y
A I M

(k+,/k2+4), A=, k=x]-x;‘ , (4.36)

and the in-plane true shear stress 2 here is found to satisfy

| —

r]2=r(x)=c(x°-x'°‘)/(xn‘]) » ATAg (4.37)

When a>1, the normal stresses 033(A), 133(A) and czz(x),rzz(x),
as well as c]](x),r]](x), arising in the pure homogeneous deformations
(4.34), are monotone increasing functions of A for 0 <A<wo. When
O<a<1 , on the other hand, this monotonicity property is retained by
the true stresses t,3(1), 15,(2), t11(1) » but the associated nominal
stresses 033(A),022(A), on(x) are steadily increasing merely for
O<x<),, possess a maximum at Ar=1,, and monotonically decrease to

zero on A, <<= , where from (4.34),

(1) A= [(2+a)/201-a)12/% 5 1, )
(1) A= [(1+20)7 (1-0)1"/3% 5 7, > (4.38)
(111) 2y = [(1+a)/ (1 -0)]/2 5 )

respectively. The graphs of 033(A) and 133(2\) appropriate to case (i)

of uniaxial stress are shown1 in Figure 3 for the three values a=3/2,

TIn the interest of clarity, the curves for 133(A) have been omitted
for O<a<l .

. : LA LR Y. S0
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a=1,a=1/2. The graphs of czz(x), ’22()‘) and c”(x),r”(x), corre-
sponding to the cases (ii)and (iii), are qualitatively quite similar.

As far as the simple-shear deformation (4.35) is concerned, (4.37)

reveals t(A) to be steadily increasing over the entire range 0< <=,
provided a>1 . When O<a<1 , however, t(X) increases monotoni-

1/2 -1/2

cally only for ¢ ‘“<i<e , with e=¢(a) given by the root of

(4.30); for this range of the parameter o, t(A) has a minimum at
1/2 1/2

A=¢ , a maximum at A=¢e , and is strictly decreasing for

1/2 and e-]/2<)\<° . The graphs of t(A) corresponding to

O0<i<e
«=3/2,a=1,and a=1/2 are displayed in Figure 4.

It is evident from the foregoing discussion of the three pure
homogeneous deformations introduced in (4.34) that when O<a<1, the
nominal normal stresses singled out there are no longer invertible func-
tions of the appropriate principal stretch ) over the range 1<i<=» ,
which corresponds to an elongation. No such loss of invertibility is
encountered in contraction, i.e., for 0<AiA<1 . Furthermore, ellipti-
city is Tost when O<a<1 1in both extension and contraction, and as
illustrated by Figure 3 — which pertains to uniaxial stress — the maxi-
mum of 033(2\) occurs in the interior of the range of ellipticity.]

As regards the behavior in simple shear of the special material

under discussion, we note that here, for O0<a<1 , the range of

m case (ii), which refers to equi-biaxial stress, invertibility of

a2 (1) is lost once again only in extension, but this loss occurs out-
s1ge the range of ellipticity for O<a<a,20.714 and falls inside
this range for a,<a<l .




'Il"""""""""""'l'l""""""'-'l'lUllllll-l-'.llIIlIll.|lIllIl!'!lllluullll--ul--II-l-x;

-61-
ellipticity
[e(a)]'2 < x < [e(a)17V/2

precisely coincides with the range of 2 over which the shear-response

function t(i) 1is monotone increasing, and the two extrema of t())
occur at the endpoints of this range (see Figure 4).

It is now also apparent that for the material characterized by
(4.26), ellipticity prevails at a local state of plane strain with

A = x5]= i, Ag= 1 if and only if the shear-response function +t(A) has

a positive slope at » = » . This conclusion is in complete accord with
a result previously arrived at by Abeyaratne [6]. A related conclusion
had been reached still earlier by Knowles [4], who found that the dis-
placement equations of equilibrium appropriate to global anti-plane
shear of a class of incompressible hyperelastic materials are locally
elliptic at a solution if and only if the response curve for simple
shear has a positive slope at an amount of shear equal to the magnitude
of the local displacement gradient.

The preceding observations suggest that a loss of ellipticity in
finite elastostatics always entails some loss of invertibility of the
underlying stress-deformation relations. A physical interpretation
along these lines of the three-dimensional ellipticity conditions estab-

lished in this paper has so far eluded our efforts.

=
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FIGURE 1. THE PLANE REGION A IN z-SPACE.
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